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T H E  P U Z Z L E

A real number is abstract, yet we want its digits

T W O  V I E W S  O F  A  R E A L  N U M B E R

• an abstract object: fixed by the axioms of 

a Cauchy-complete Archimedean 

ordered field;

• a concrete representation: one that 

computes approximations.

T H E  C O N T R A S T

classical: function exists, not an algorithm
constructive: no uniform extractor, closed 

terms compute

How can an abstract 

real

ever reveal a digit?

One way to get computation back

without changing the type of reals.
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M O T I V A T I O N

Why constructive, and why cubical?

W H Y  C O N S T R U C T I V E

A constructive existence proof is a witness: 

an actual term, not merely the impossibility 

of its absence.

→ for a real, that witness is a rational 

approximation we can feed to a 

computation.

W H Y  C U B I C A L

Equality is a path that computes: closed 

proofs reduce to values. Completions are 

higher inductive types, with no setoid 

bookkeeping.

→ so a closed approximation proof 

actually evaluates to a rational.

Together: a witness exists, and the proof computes. That turns the magic trick into a digit.
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T H E  O B J E C T

The reals are an internal completion of the 
rationals

A  H I G H E R - I N D U C T I V E  C A U C H Y  

C O M P L E T I O N

The HoTT-Book reals are R, built from Q 

with the limits and identifications inside 

the type.

rat Q → R

lim Cauchy approximations give points

eq arbitrarily close points are equal

0 1

x

a limit point of rational approximations

Rational density follows from completion: 𝜄-denseℭ : ∀ y ε → ∃[ q ∈ ℚ ] (y ∼[ ε ] rat q)



05/15

T H E  O B S T R U C T I O N

No uniform operation reads off a rational 
approximation

−2 0 2

out ≤ −1 out ≥ 1

W H A T  W E  C A N N O T  A S K  F O R

A uniform extractor approx : R → Q+ → 

Q.

At fixed precision 𝑥 ↦ approx(𝑥, 1) would be 

nonconstant: −2 gives ≤ −1, 2 gives ≥ 1. A 

nonconstant map into the discrete rationals 

would violate the path / closeness structure of R.

Constant maps exist. The issue is a uniform, nontrivial observation.
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H O N E S T  E X I S T E N C E

Rational density gives a hidden witness

W H A T  D E N S I T Y  G I V E S

For every real and every precision, rational 

density supplies an approximation that 

merely exists.

approx : (𝑥 : ℝ) → (𝜀 : ℚ+) →

‖Σ𝑞: ℚ rat(𝑞) ∼[𝜀] 𝑥‖

(𝑞, 𝑝)

Σ

witness + proof

‖?‖

‖  ·  ‖

mere existence

T H E  C A T C H

All inhabitants are identified. The witness is 

deliberately hidden. No generic projection 

back to a rational.
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1
T H E  M A G I C  T R I C K

The magic trick

recovering a hidden value by normalisation
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T H E  R E V E A L

Kraus’s recover returns a hidden value 
definitionally

S E A L E D  ·  F O R G O T T E N

‖17‖

truncated · name out of scope

recover

along a path

R E V E A L E D  ·  I N  S C O P E

17
a closed term, recovered

recover|𝑥| ≡ 𝑥 definitionally,

by refl

recover | hidden | ⇝ 17

after Nicolai Kraus (2013)
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T H E  M E C H A N I S M

The trick works because the rationals are 
homogeneous

Discrete ℚ ⇒ isHomogeneousDiscrete ⇒ recover computes on ‖ℚ‖

T H E  I D E A

A type is homogeneous when every 

element is reachable from a chosen 

basepoint by an automorphism. Decidable 

equality on Q provides exactly those 

automorphisms.

discreteℚ : Discrete ℚ

isHomogeneousDiscrete discreteℚ

: isHomogeneous (ℚ , 0)
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T H E  F I N E  P R I N T

Recovery computes, but is not a function out of 
the truncation

N O T  A N  I N V E R S E

Not a map ‖ℚ‖ → ℚ: the result type depends 

on the input. Along the squash path cong 

recover is a dependent path over changing 

types (Gross). It is not an equality of values.

C L O S E D  T E R M S  O N L Y

It reduces for specific closed terms, not for 

an arbitrary real handed in by the 

environment. No global digit extractor 

appears.

Safe: No excluded middle, no choice, no univalence. Just definitional normalisation.
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T H E  P A Y O F F

Computing the digits of concrete reals

P R O T O T Y P E  W O R K F L O W

1. a closed real expression, e.g. exp 𝑒
2. ask for a rational at precision 𝜀;
3. normalise the hidden witness;

4. read off the rational / digits.

exp 𝑒 | 𝜀 ⇝ [1/64]

H O N E S T  S T A T U S

In the library ∃rationalApprox exists, but recover 

is not yet wired to it. This is the principle / a 

prototype.
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D E M O N S T R A T I O N

Digits computed inside Agda

R E C O R D E D  N O R M A L I S A T I O N

A closed expression is normalised, 

through the approximation code, to a 

rational, then to digits.

Static slide: stills stand in for the video.

External playback: Pacman/images/magic.mov

O N  S C R E E N

Closed terms only. Never an arbitrary real.
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T H E  W I D E R  P I C T U R E

The trick sits atop a from-algebra-to-analysis 
library

T H E  C U B I C A L  A G D A  D E V E L O P M E N T

• ordered commutative & Archimedean rings: 

Z, Z[12], Q, R

• setoid-style equality and choice-free 

completion of premetric spaces;

• constructive analysis on the HoTT-Book 

reals: derivatives, MVT, integration, FTC, 

exp / sin / cos, 𝜋.

T H E  B R I D G E

Computation reappears term by term, 

even though no uniform operation extracts 

digits from arbitrary reals.

The bridge: propositional truncation + 

definitional normalisation.
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S U M M A R Y

Computation does what no uniform map can

T H E  O B S T R U C T I O N

No uniform R → Q 

approximation extractor.

T H E  T R I C K

Kraus’s recover: a hidden 

value returns definitionally.

T H E  P A Y O F F

Closed reals compute without 

choice or LEM.

Computation does, term by term,

what no definable map can.

Thank you. Joint work with Lorenzo Molena & Marcin Jan Turek-Grzybowski.
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R E F E R E N C E S
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A P P E N D I X

Backup: the higher-inductive shape of R

rat : ℚ → ℝ

lim : ((𝜀 : ℚ+) → ℝ) → isCauchy → ℝ

eq : (∀𝜀.𝑥 ∼
[𝜀]
𝑦) → 𝑥 = 𝑦

Mutually defined with the closeness relation ∼; constructor names vary between presentations.
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A P P E N D I X

Backup: why recover is safe

recover-squash₁ : (x y : A) →

PathP (λ i → typ (B∙ (squash₁ ∣ x ∣₁ ∣ y ∣₁ i))) x y

T H E  C O D O M A I N  C H A N G E S

The path from the truncation’s squash constructor lives over a family of types. It is not a proof that 

𝑥 = 𝑦 in A.


